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In this paper, we present a new way of viewing Xia’s construction of Hadamard
difference sets. Based on this new point of view, we give a character theoretic proof
for Xia’s construction. Also we point out a connection between the construction
and projective three-weight codes.  1996 Academic Press, Inc.
1. INTRODUCTION
Let G be a finite group of order v. A k-element subset D of G is called
a (v, k, l)-difference set in G if the list of differences d1d212 , d1 , d2 [ D,
d1 ? d2 , represents each nonidentity element in G exactly l times. Using
multiplicative notation for the group operation, D is a (v, k, l)-difference
set if and only if it satisfies the following equation in Z[G]:
DD(21) 5 (k 2 l)1G 1 lG;
here D 5 od[D d, D(21) 5 od[D d 21, and 1G denotes the identity element
of G.
A Hadamard difference set (HDS) has parameters of the form
(v, k, l) 5 (4m2, 2m2 2 m, m2 2 m). Alternative names used by other
authors are Menon difference set and H-set. Hadamard difference sets have
been extensively studied because of their close connection to Hadamard
matrices and perfect binary arrays. We refer the reader to [3] for a detailed
survey of this subject.
Recently, Xia [7] constructed Hadamard difference sets in the groups
H 3 Z 4p1 3 ? ? ? 3 Z
4
pt
, where H is either group of order 4, and each pj is
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a prime congruent to 3 (mod 4). This is a major breakthrough in the
study of HDS. Xia’s construction depends on very complicated calculations
involving cyclotomic classes of high order; therefore it is not clear why it
works. In this paper, we present a new way of viewing Xia’s construction.
This new point of view is more geometric, thus allowing us to understand
the construction much better. Based on this new perspective, we give a
character theoretic proof for Xia’s construction. The proof makes it clearer
that Xia’s construction depends crucially on the so-called uniform cyclot-
omy. Finally, we point out a connection between the construction and
projective three-weight codes.
2. CYCLOTOMY, ADDITIVE CHARACTERS
Let p be a prime and let q be a power of p; then there exists a field
GF(q) of q elements, and this is essentially unique. Let g be a fixed primitive
element of GF(q), so that any nonzero element of GF(q) can be written
uniquely in the form gi, where 0 # i # q 2 2. Let e be any divisor of q 2
1, e $ 2, and let f 5 (q 2 1)/e. The eth cyclotomic classes C0 , C1 , . . . ,
Ce21 are defined by
Ci 5 hget1i : t 5 0, 1, 2, . . . , f 2 1j
for i 5 0, 1, 2, . . . , e 2 1.
Let u 5 exp(2fi/p), Tr be the trace map, Tr: GF(q) R GF(p). The




for i 5 0, 1, 2, . . . , e 2 1. When k $ e, the subscripts in Ck , hk are to be
interpreted modulo e.
Explicit determinations of cyclotomic periods are usually very difficult
for large e. But in one case, i.e., when 21 is a power of the characteristic
modulo e, the cyclotomic periods can be easily calculated (this case is
referred to as uniform cyclotomy in [1] which contains a detailed discussion
on this subject). We find it more convenient to use the following theorem
from [4].
THEOREM A. Assume there exists a positive integer j such that p j ; 21
(mod e), and assume j is the smallest such. Let q 5 pa with a 5 2jc. Then
the cyclotomic periods are given by the following:
(1) If c, p, (p j 1 1)/e are all odd, then
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he/2 5
(e 2 1)p jc 2 1
e
and hi 5
21 2 p jc
e
, i ? e/2.
(2) In all other cases
h0 5
21 2 (21)c(e 2 1)p jc
e
and hi 5
(21)cp jc 2 1
e
, i ? 0.
Now let us review some basic facts about additive characters of GF(q).
We will use G to denote the additive group of GF(q). For each element
b of GF(q), we define xb : x ° uTr(bx) for x [ GF(q). Then xb is a character
of the additive group of GF(q). Moreover, for b1 ? b2 in GF(q), we have
xb1 ? xb2 , so that we get all additive characters on GF(q) in this way. In
fact b ° xb is an isomorphism G R G*, where G* is the character group
of G. The trivial character is x0 . The following lemma is well-known. For
example, see [6].
LEMMA 2.1. If H is a subgroup of G, uHu $ 2, then oh[H xb(h) 5 0, if
H #y hx [ G : Tr(bx) 5 0j.
Also we will use the following standard lemma in the theory of differ-
ence sets.
LEMMA 2.2. Let G be a finite abelian group of order v. A k-subset D is
a (v, k, l)-difference set in G if and only if ux(D)u 5 Ïk 2 l for all nontrivial
characters x of G. Furthermore, D 5 D(21) if and only if x(D) 5 x(D) for
all characters x of G.
Finally we need the following result about quadratic forms over GF(p),
where p is an odd prime. Let s be a positive integer. Given b [ GF(p2s),
b ? 0, the map Q(x) 5 Tr(bx11p
s
), for all x [ GF(p2s) defines a quadratic
form over GF(p). The corresponding bilinear form is given by B(x, y) 5
Tr(bx p
s
y 1 bxy p
s
) for all x, y [ GF(p2s). Let V 5 GF(p2s), which is viewed
as a vector space of dimension 2s over GF(p), Rad V 5 hy [ V :
B(x, y) 5 0 for all x [ V j; we have the following lemma.
LEMMA 2.3. If b p
s
21 ? 21, then Rad V 5 h0j; if b p
s
21 5 21, then
Rad V 5 V.










y 1 bx p
s
y) 5 0 for all x [ V
⇔ Tr((b p
s
y 1 by)x p
s
) 5 0 for all x [ V
⇔ b p
s
y 1 by 5 0 ⇔ b p
s
21 5 21.
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Therefore if b p
s
21 5 21, then Rad V 5 V, and if b p
s
21 ? 21, then
Rad V 5 h0j. This completes the proof of the lemma. n
3. THE CONSTRUCTION
In this section, we present a new way of viewing Xia’s construction, which
allows us to give a character theoretic proof for Xia’s construction that
seems to be more transparent than the original proof in [7].
Assume that p is a prime congruent to 3 (mod 4). Let q 5 p2s, where s
is a positive even integer. Applying Theorem A to the case e 5 4, j 5 1,




2 ps and hi 5
ps 2 1
4
, i ? 0.
Let Bi 5 hxgk [ G* : k ; i (mod 4)j, i 5 0, 1, 2, 3, where g is a fixed primitive
element of GF(q) and G* is the group of additive characters on GF(q).




2 ps, if xgi [ B0 ;
ps 2 1
4
, if xgi Ó B0 .
(3.1)
We now regard GF(q) as a 2-dimensional vector space over GF(ps). Then
any 1-dimensional subspace of GF(q) over GF(ps) has the form
hg(p
s
11)t1i : t 5 0, 1, 2, . . . , ps 2 2j < h0j for some i. We will use Hi 5 kgil
to denote the punctured line hg(p
s
11)t1i : t 5 0, 1, 2, . . . , ps 2 2j. Let L0 5
kg1l < kg5l < ? ? ? < kg11((p
s
21)/421)4l. Then for any nontrivial xb [ G*, xb
is either nontrivial on every H4i11 , i 5 0, 1, . . . , (ps 2 1)/4 2 1, or trivial









, if xb [ T,
(3.2)
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where T 5 hxb [ G* : xb is trivial on exactly one H4k11 , for some k,
0 # k # (ps 2 1)/4 2 1j, and N 5 hxb [ G* : xb is nontrivial on every
H4i11 , i 5 0, 1, . . . , (ps 2 1)/4 2 1j.
Let D0 5 C0 < L0 , and D*0 5 hxb [ G* \ hx0j : xb(D0) ? 0j. It is easy to
see that D0 has no repeated elements, and uD0u 5 (q 2 Ïq)/2. Furthermore,
we have the following lemma.
LEMMA 3.1. xb(D0) 5 0 or 6ps for every b ? 0, D*0 5 (T > B2) <
(N > B0) and uD*0 u 5 (q 2 1)/4.
Proof. For any b ? 0, xb(D0) 5 xb(C0) 1 xb(L0). Combining (3.1) and
(3.2), we see that
xb(D0) 5 0 or 6ps.
Now let us write out the elements of T explicitly. Recall that T 5 hxgi [
G*:xgi is trivial on exactly one H4k11 , for some k, 0 # k # (ps 2 1)/4 2 1j.
xgi is trivial on H4k11 5 hg(p
s
11)t14k11 : t 5 0, 1, 2, . . . , ps 2 2j
⇔ Tr(g(p
s
11)t14k111i) 5 0 for all t 5 0, 1, . . . , ps 2 2, and by Lemma 2.3
⇔ b p
s
21 5 21, where b 5 gi14k11
⇔ i 1 4k 1 1 5 j((ps 1 1)/2), 1 # j # 2(ps 2 1), j is odd.
Therefore T 5 hxgi [ G* : i 5 j((ps 1 1)/2) 2 (4k 1 1), 1 # j # 2(ps 2
1), 0 # k # (ps 2 1)/4 2 1, j is oddj. uT u 5 (ps 2 1)2/4. Also we note that
if xgi [ T, then i 5 ((ps 1 1)/2) j 2 (4k 1 1) ; 0 or 2 (mod 4), and
uT > B0u 5 uT > B2u 5 uT u/2.
From (3.1) and (3.2), we see that D*0 5 (T > B2) < (N > B0). Therefore
uD*0 u 5 uT > B2u 1 uN > B0u 5 uT > B2u 1 uB0u 2 uT > B0u 5 uB0u 5
(q 2 1)/4. This completes the proof. n
Let D2 5 g(p
s
11)D0 5 C2 < L0 and D*2 5 hxb [ G* \ hx0j : xb(D2) ? 0j.
Then we have
LEMMA 3.2. xb(D2) 5 0 or 6ps for every b ? 0, D*2 5 (T > B0) < (N >
B2), and uD*2 u 5 (q 2 1)/4.
The proof of this lemma is similar to that of Lemma 3.1; therefore we
omit it.
Now let D1 5 gtD0 5 Ct < L1 , where t is a positive odd integer and
L1 5 kgt11l < kgt15l < ? ? ? < kgt111((p
s
21)/421)4l, and let D3 5 g(p
s
11)D1 5
Ct12 < L1 . D*1 and D*3 are similarly defined as D*0 and D*2 . Also we set
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T9 5 hxgi [ G* : xgi(L1) 5 ps 2 (ps 2 1)/4j, N9 5 hxgi [ G* : xgi(L1) 5
2(ps 2 1)/4j. We have the following lemma.
LEMMA 3.3. xb(Di) 5 0 or 6ps for every b ? 0, i 5 1, 3, D*1 5 (T 9 >
Bt) < (N9 > Bt12), D*3 5 (T 9 > Bt12) < (N9 > Bt) and uD*1 u 5 uD*3 u 5
(q 2 1)/4.
Proof. The proof for the first part is obvious from (3.1) and (3.2). For
the proof of the second part, we note that T 9 5 hxgi [ G* : i 5 j((ps 1 1)/
2) 2 (4k 1 1) 2 t, 1 # j # 2(ps 2 1), 0 # k # (ps 2 1)/4 2 1, j is oddj;
if xgi [ T 9, then i ; 61 (mod 4). The rest of the proof is the same as that
of Lemma 3.1. n
We are now ready to construct HDS in K 3 G and C 3 G, where K 5
h1, a, b, abj is the elementary 2-group of order 4, and C 5 h1, c, c2, c3j is
the cyclic group of order 4. We use multiplicative notation for the group
operation even though G is the additive group of GF(q), q 5 p2s, s is even,
p is a prime congruent to 3 (mod 4).
Let D 5 D0 1 aD1 1 bD2 1 abD3 , and E 5 D0 1 cD1 1 c2D2 1 c3D3 ,
where D3 5 G \D3 . then we have
THEOREM 3.1. D is a (4p2s, 2p2s 2 ps, p2s 2 ps)-difference set in K 3
G, D(21) 5 D. E is a (4p2s, 2p2s 2 ps, p2s 2 ps)-difference set in C 3 G.
Proof. Let c 5 f ^ xb be an arbitrary character of K 3 G, where f
is a character of K and xb is a character of G. Then
c(D) 5 xb(D0) 1 f(a)xb(D1) 1 f(b)xb(D2) 1 f(ab)xb(D3).
If c is the trivial character of K 3 G, then c(D) 5 uDu 5 2p2s 2 ps.
If c is a nontrivial character, we distinguish two cases.
Case 1. b 5 0, f is nontrivial on K. Here
c(D) 5 uD0u 1 f(a)uD1u 1 f(b)uD2u 1 f(ab)uD3u 5 psf(ab);
hence uc(D)u 5 ps.
Case 2. b ? 0. From Lemmas 3.1–3.3, we see that D*0 , D*1 , D*2 , D*3
form a partition of G* \ hx0j; also xb(Di) 5 0 or 6ps for every b ? 0, i 5
0, 1, 2, 3. Therefore
c(D) 5 6ps,
and uc(D)u 5 ps.
Summing up, we have shown that uc(D)u 5 ps for all nontrivial characters
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c of K 3 G, by Lemma 2.2, D is a (4p2s, 2p2s 2 ps, p2s 2 ps)-difference
set K 3 G. Since K is an elementary abelian 2-group, we have c(D) 5
c(D) for all characters c of K 3 G; thus D(21) 5 D. Similarly, it is easy to
show that E is a (4p2s, 2p2s 2 ps, p2s 2 ps)-difference set in C 3 G. This
completes the proof. n
Remarks. (1) We note that in the above construction, D1 5 gtD0 ,
where t is any odd integer, while the construction in [7] chose t to be
(ps 1 1)/2 (M. Y. Xia also pointed out this improvement to us in [8]). Also
we have some freedom in choosing L0 . For example, if we choose L0 to
be kgal < kga14l < ? ? ? < kga1((p
s
21)/421)4l, where a is any odd integer, the
above construction still works.
(2) When p is a prime congruent to 1 (mod 4), the 4th cyclotomic
periods of GF(q), q 5 p4r, take 4 different values. In this case, if we still
use the same method as above to construct D0 , the character values of D0
will take more than 3 distinct values, so this D0 cannot be used to construct
a Hadamard difference set.
(3) If we do not switch D3 to its complement in G in the above
construction, we will get (4, p2s, 2(p2s 2 ps), l1 , l2)-divisible difference
sets in K 3 G and C 3 G, where l1 5 p2s 2 2ps and l2 5 p2s 2 2ps 1 1.
In the first case, the divisible difference set is reversible (i.e., it is fixed
by 21).
Finally, using a well-known composition theorem of Hadamard difference
sets (for example see [7]), it is now routine to construct Hadamard difference
sets in H 3 Z 4p1 3 ? ? ? 3 Z
4
pt
, where H is either group of order 4, and
each pj is a prime congruent to 3 (mod 4).
4. A CODING CONNECTION
In this section, we point out a connection between the construction and
projective three-weight codes. The notation and terminology used here
are from [2]. For the convenience of the reader, we give the following
two definitions.
A linear code C is called a projective code if the minimum weight in the
dual code C' is at least 3.
A projective (n, k, h1 , h2 , h3) set O is a proper, non-empty set of n points
of the projective space PG(k 2 1, q) with the property that every hyperplane
meets O in h1 points, h2 points, or h3 points.
We now begin our discussion. Recall that in Section 3, we constructed
a set D0 5 C0 < L0 in GF(q), q 5 p2s, s is even, p ; 3 (mod 4), uD0u 5
(q 2 Ïq)/2. It is easily seen that GF(p)*D0 5 D0 (here we are using
additive notation for D0), where GF(p)* 5 GF(p) \ h0j. Therefore we have
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D0 5 ([y1]\h0j) < ([y2]\h0j) < ? ? ? < ([yn]\h0j), (4.1)
where [yi] 5 hsyi : s [ GF(p)j for some yi’s in GF(q)*, n 5
ps(ps 2 1)/2(p 2 1).
Let O 5 h[y1], [y2], . . . , [yn]j be a point set in PG(2s 2 1, p), C 5
h(x ? y1 , x ? y2 , . . . , x ? yn) : x [ GF(p2s)j, where x ? yi is the dot product.
We have the following proposition.
PROPOSITION 4.1. O is a projective (n, 2s, n/p 2 ps21, n/p, n/p 1 ps21)
set in PG(2s 2 1, p). C is a projective three-weight [n, 2s] code with nonzero
weights wi 5 n 2 n/p 2 (i 2 2)ps21, i 5 1, 2, 3.
Proof. Let H be an arbitrary hyperplane of GF(p2s) which is regarded
as a 2s-dimensional vector space over GF(p). Assume that x is an additive
character of GF(p2s) such that Ker x 5 H; then by Lemma 2.1, we have
x(D0) 5 (p 2 1)h 1 (21)(n 2 h),
where h is the number of yi’s in H.
By Lemma 3.1, we also know that x(D0) 5 0 or 6ps; hence
(p 2 1)h 1 (21)(n 2 h) 5 0, 2ps, ps.
Solving this equation, we have h 5 n/p 1 (i 2 2)ps21, i 5 1, 2, 3. Therefore
O is a projective (n, 2s, n/p 2 ps21, n/p, n/p 1 ps21) set in PG(2s 2 1, p).
Also the multiplicities can be calculated. We use mi to denote the number
of hyperplanes in PG(2s 2 1, p) which meet O in n/p 1 (i 2 2)ps21 points,
i 5 1, 2, 3. From the proof of Lemma 3.1, we know that uD*0 u 5 (p2s 2 1)/
4, uT > B2u 5 uT u/2 5 (ps 2 1)2/8, uN > B0u 5 uB0u 2 uT > B0u 5 (ps 1
3)(ps 2 1)/8; hence m2 5 3(p2s 2 1)/4(p 2 1), m1 5 (ps 1 3)(ps 2 1)/
8(p 2 1), m3 5 (ps 2 1)2/8(p 2 1).
From (4.1), we see that no two yi’s are linearly dependent over GF(p);
hence C is a projective code. Let x be any nonzero vector in GF(p2s). If
x' 5 hy [ GF(p2s) : x ? y 5 0j, then n 2 ux' > hy1 , y2 , . . . , ynju is the
weight of the codeword (x ? y1 , . . . , x ? yn); from the first part of the proof,
we see that







Therefore C is a projective three-weight [n, 2s] code with nonzero weights
wi 5 n 2 n/p 2 (i 2 2)ps21, i 5 1, 2, 3. The number Awi of codewords with
weight wi can also be calculated. From the mi’s, we see that Aw2 5 3(p
2s 2
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1)/4, Aw1 5 (p
s 1 3)(ps 2 1)/8, Aw3 5 (p
s 2 1)2/8. This completes the
proof. n
It is easy to see that D1 , D2 , and D3 also give rise to projective three-
weight codes. In general, if there is a reversible Hadamard difference set
D in Z2 3 Z2 3 (Zp)2s, where p is an odd prime and s is even, then D will
give rise to four projective three-weight codes Ci , i 5 0, 1, 2, 3, which have
a kind of ‘‘orthogonal’’ relation. To be precise, let Oi , i 5 0, 1, 2, 3, be the
four projective (n, 2s, n/p 2 ps21, n/p, n/p 1 ps21) sets in PG(2s 2 1, p)
corresponding to Ci , i 5 0, 1, 2, 3, and let H be an arbitrary hyperplane
in PG(2s 2 1, p). When we say that Ci , i 5 0, 1, 2, 3, are ‘‘orthogonal’’,
we mean that there is a unique i, 0 # i # 3, such that uH > Oiu ? n/p, and
uH > Oju 5 n/p, if j ? i. Conversely, if there are four projective three-
weight codes with the right lengths, dimensions, and weights, and they
have the ‘‘orthogonal’’ relation mentioned above, then there is a reversible
Hadamard difference set in Z2 3 Z2 3 (Zp)2s. For the proof of this assertion,
we refer the reader to [5]. This connection between reversible Hadamard
difference sets and projective three-weight codes may be useful in either
the construction or a nonexistence proof of reversible Hadamard differ-
ence sets.
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